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chainrule Chainrule

Description

Calculates the partial derivatives of the function h(x1, x2, ..., xK) = f(g(x1, x2, ..., xK)) up to
order four. Here K is the number of inputs for function g(·). The function f(·) can only have a
single input. Alternatively chainrule can calculate the partial derivatives of h(x1, x2, ..., xK) =
f(g1(x1), g2(x2), ..., gK(xK)) up to order four. Here each gk(·) can only take a single input xk. If
xi 6= xj for i, j ∈ {1, ...,K} then the input argument g can be a list with elements gk(xk). The
function checks the number of inputs of f(·) by counting the number of partial derivatives and then
decides automatically how to proceed.

Usage

chainrule(f = NULL, g = NULL, deriv = 2, tri = NULL)

Arguments

f vector of f(·) evaluated at g(·) with derivatives as attributes.

g matrix of g(·) with derivatives as attributes. Alternatively written as g(·) =
g1(x1), g2(x2), ..., gK(xK)). In this case, g can be a vector or a list of length k

deriv derivative of order deriv. Available are 0,2 and 4.

tri optional, index arrays for upper triangular for g, generated by trind.generator().

Details

Mostly internal function, which is helpful in calculating the partial derivatives of the loglikelihood.

Value

A list with partial derivatives. The index of the list corresponds to a matrix with all partial derivatives
of that order.
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Examples

x<-1 #For K=1, x_1 value is set to 1.

g<-1/x #g(x_1) = 1/x
attr(g,"gradient")<-matrix(-1/x^2,ncol=1)
attr(g,"hessian")<-matrix(2/x^3,ncol=1)
attr(g,"l3")<-matrix(-6/x^4,ncol=1)
attr(g,"l4")<-matrix(24/x^5,ncol=1)

zeta_g<-zeta(g, deriv=4) #f(g(x)) = zeta(g(x))

chainrule(f=zeta_g, g=g, deriv=4)

comperr_mv Composed error multivariate distribution object for mgcv

Description

The comperr_mv family implements the composed error multivariate distribution in which the µ1,
σV 1, σU1, (or λ1), µ2, σV 2, σU2, (or λ2) and δ can depend on additive predictors. Useable only
with gam(), the additive predictors are specified via a list of formulae.

Usage

comperr_mv(
link = list("identity", "log", "log", "identity", "log", "log", "glogit"),
s1 = -1,
s2 = -1,
family_mv = c("normhnorm", "normhnorm", "normal")

)

Arguments

link seven item list specifying the link for the µ1, σV 1, σU1, λ1, µ2, σV 2, σU2, λ2
and δ parameters. See details.

s1 s1 = −1 for production and s1 = 1 for cost function for margin 1.

s2 s2 = −1 for production and s2 = 1 for cost function for margin 2.

family_mv vector of length three, specifying the bivariate distribution. First element is the
name of the first marginal distribution. Second element is the name of the second
marginal distribution. Third element specifies the copula. See dcop() for more
details.
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Details

Used with gam to fit distributional stochastic frontier model. The function gam is from the mgcv
package is called with a list containing seven formulae:

1. The first formula specifies the response of margin 1 on the left hand side and the structure of
the additive predictor for µ1 parameter on the right hand side. Link function is "identity".

2. The second formula is one sided, specifying the additive predictor for the σV 1 on the right
hand side. Link function is "log".

3. The third formula is one sided, specifying the additive predictor for the σU1 or λ1 on the right
hand side. Link function is "log".

4. The fourth formula specifies the response of margin 2 on the left hand side and the structure
of the additive predictor for µ2 parameter on the right hand side. Link function is "identity".

5. The fifth formula is one sided, specifying the additive predictor for the σV 2 on the right hand
side. Link function is "log".

6. The sixth formula is one sided, specifying the additive predictor for the σU2 or λ2 on the right
hand side. Link function is "log".

7. The seventh formula is one sided, specifying the additive predictor for the δ on the right hand
side. Link function is "glogit".

The fitted values and linear predictors for this family will be seven column matrices. The columns
correspond with the order of the formulae for the parameters.

Value

An object inheriting from class general.family of the ’mgcv’ package, which can be used in the
dsfa package.

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Wood SN, Fasiolo M (2017). “A generalized Fellner-Schall method for smoothing parame-
ter optimization with application to Tweedie location, scale and shape models.” Biometrics,
73(4), 1071–1081.

Examples

#Set seed, sample size and type of function
set.seed(1337)
N=1000 #Sample size
s1<--1 #Set to production function for margin 1
s2<-1 #Set to cost function for margin 2

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1); x6<-runif(N,-1,1)
x7<-runif(N,-1,1)
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mu1=4+x1 #production function parameter 1
sigma_v1=exp(-1.5+0.75*x2) #noise parameter 1
sigma_u1=exp(-1+1.25*x3) #inefficiency parameter 1
mu2=3+2*x4 #cost function parameter 2
sigma_v2=exp(-1.5+0.75*x5) #noise parameter 2
sigma_u2=exp(-1+.75*x6) #inefficiency parameter 2
delta<-(exp(1+2.5*x7)-1)/(exp(1+2.5*x7)+1) #delta

#Simulate responses and create dataset
Y<-rcomperr_mv(n=N,

mu1=mu1, sigma_v1=sigma_v1, par_u1 = sigma_u1, s1=s1,
mu2=mu2, sigma_v2=sigma_v2, par_u2 = sigma_u2, s2=s2,
delta=delta, family=c("normhnorm","normhnorm","normal"))

dat<-data.frame(y1=Y[,1],y2=Y[,2], x1, x2, x3, x4, x5, x6, x7)

#Write formulae for parameters
mu_1_formula<-y1~x1
sigma_v1_formula<-~x2
sigma_u1_formula<-~x3
mu_2_formula<-y2~x4
sigma_v2_formula<-~x5
sigma_u2_formula<-~x6
delta_formula<-~x7

#Fit model
model<-mgcv::gam(formula=list(mu_1_formula,sigma_v1_formula,sigma_u1_formula,

mu_2_formula,sigma_v2_formula,sigma_u2_formula,
delta_formula),

data=dat,
family=comperr_mv(s1=s1, s2=s2, family_mv=c("normhnorm","normhnorm","normal")),

optimizer="efs")

#Model summary
summary(model)

dcomperr Composed error term distribution

Description

Probablitiy density, distribution, quantile function and random number generation for the composed
error term distribution.

Usage

dcomperr(
x = 0,
mu = 0,
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sigma_v = 1,
par_u = 1,
s = -1,
family = "normhnorm",
deriv = 0,
tri = NULL,
log.p = FALSE,
check = TRUE

)

pcomperr(
q,
mu = 0,
sigma_v = 1,
par_u = 1,
s = -1,
family = "normhnorm",
deriv = 0,
tri = NULL,
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)

qcomperr(
p,
mu = 0,
sigma_v = 1,
par_u = 1,
s = -1,
family = "normhnorm",
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)

rcomperr(
n,
mu = 0,
sigma_v = 1,
par_u = 1,
s = -1,
family = "normhnorm",
check = TRUE

)

Arguments

x vector of quantiles.
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mu vector of µ

sigma_v vector of σV . Must be positive.

par_u vector of parameter of the (in)efficiency term. Must be positive.

s s = −1 for production and s = 1 for cost function.

family normhnorm for normal-halfnormal and normexp for normal-exponential dis-
tribution.

deriv derivative of order deriv of the log density. Available are 0,2 and 4.

tri optional, index arrays for upper triangular matrices, generated by trind.generator()
and supplied to chainrule().

log.p logical; if TRUE, probabilities p are given as log(p).

check logical; if TRUE, check inputs.

q vector of quantiles.

lower.tail logical; if TRUE (default), probabilities are P [X ≤ x] otherwise, P [X > x].

p vector of probabilities.

n number of observations.

Details

This is wrapper function for the normal-halfnormal and normal-exponential distribution. A random
variable E follows a composed error distribution if E = V + s · U , where V ∼ N(µ, σ2

V ) and
U ∼ HN(0, σ2

U ) or U ∼ Exp(0, σ2
U ). For more details see dnormhnorm and dnormexp. Here,

s = −1 for production and s = 1 for cost function.

Value

dcomperr gives the density, pcomperr gives the distribution function, qcomperr gives the quantile
function, and rcomperr generates random numbers, with given parameters. If the derivatives are
calculated these are provided as the attributes gradient, hessian, l3 and l4 of the output of the
density.

Functions

• pcomperr(): distribution function for the composed error distribution.

• qcomperr(): quantile function for the composed error distribution.

• rcomperr(): random number generation for the composed error distribution.

References

• Aigner D, Lovell CK, Schmidt P (1977). “Formulation and estimation of stochastic frontier
production function models.” Journal of econometrics, 6(1), 21–37.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.
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• Gradshteyn IS, Ryzhik IM (2014). Table of integrals, series, and products. Academic press.

• Azzalini A (2013). The skew-normal and related families, volume 3. Cambridge University
Press.

Examples

pdf <- dcomperr(x=seq(-3, 3, by=0.1), mu=1, sigma_v=2, par_u=3, s=-1, family="normhnorm")
cdf <- pcomperr(q=seq(-3, 3, by=0.1), mu=1, sigma_v=2, par_u=3, s=-1, family="normhnorm")
q <- qcomperr(p=seq(0.1, 0.9, by=0.1), mu=1, sigma_v=2, par_u=3, s=-1, family="normhnorm")
r <- rcomperr(n=100, mu=1, sigma_v=2, par_u=3, s=-1, family="normhnorm")

dcomperr_mv Composed error multivariate distribution

Description

Probablitiy density function, distribution and random number generation for the composed error
multivariate distribution.

Usage

dcomperr_mv(
x1 = 0,
mu1 = 0,
sigma_v1 = 1,
par_u1 = 1,
s1 = -1,
x2 = 0,
mu2 = 0,
sigma_v2 = 1,
par_u2 = 1,
s2 = -1,
delta = 0,
family_mv = c("normhnorm", "normhnorm", "normal"),
deriv = 0,
tri = NULL,
log.p = FALSE,
check = TRUE

)

pcomperr_mv(
q1 = 0,
mu1 = 0,
sigma_v1 = 1,
par_u1 = 1,
s1 = -1,
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q2 = 0,
mu2 = 0,
sigma_v2 = 1,
par_u2 = 1,
s2 = -1,
delta = 0,
family_mv = c("normhnorm", "normhnorm", "normal"),
log.p = FALSE,
check = TRUE

)

rcomperr_mv(
n,
mu1 = 0,
sigma_v1 = 1,
par_u1 = 1,
s1 = -1,
mu2 = 0,
sigma_v2 = 1,
par_u2 = 1,
s2 = -1,
delta = 0,
family_mv = c("normhnorm", "normhnorm", "normal"),
check = TRUE

)

Arguments

x1 vector of quantiles for margin 1.

mu1 vector of µ for margin 1.

sigma_v1 vector of σV for margin 1. Must be positive.

par_u1 vector of σU for margin 1. Must be positive.

s1 s = −1 for production and s = 1 for cost function for margin 1.

x2 vector of quantiles for margin 2.

mu2 vector of µ for margin 2.

sigma_v2 vector of σV for margin 2. Must be positive.

par_u2 vector of σU for margin 2. Must be positive.

s2 s = −1 for production and s = 1 for cost function for margin 2.

delta matrix of copula parameter. Must have at least one column.

family_mv string vector, specifying the the margin one and two, as well as the copula. For
the margins the distributions normhnorm or normexp are available. For the fam-
ily_cop:
independent = Independence copula
normal = Gaussian copula
clayton = Clayton copula
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gumbel = Gumbel copula
frank = Frank copula
joe = Joe copula

deriv derivative of order deriv of the log density. Available are 0 and 2.

tri optional, index arrays for upper triangular matrices, generated by trind.generator()
and supplied to chainrule().

log.p logical; if TRUE, probabilities p are given as log(p).

check logical; if TRUE, check inputs.

q1 vector of quantiles for margin 1.

q2 vector of quantiles for margin 2.

n number of observations.

Details

A bivariate random vector (Y1, Y2) follows a composed error multivariate distribution fY1,Y2
(y1, y2),

which can be rewritten using Sklars’ theorem via a copula

fY1,Y2
(y1, y2) = c(FY1

(y1), FY2
(y2), δ) · fY1

(y1)fY2
(y2) ,

where c(·) is a copula function and FYm(ym),fYm(ym) are the marginal cdf and pdf respectively.
delta is the copula parameter.

Value

dcomperr_mv gives the density, pcomperr_mv the distribution and rcomperr_mv generates random
numbers, with given parameters. If the derivatives are calculated these are provided as the attributes
gradient, hessian, l3 and l4 of the output of the density.

Functions

• pcomperr_mv(): distribution function for the composed error multivariate distribution.

• rcomperr_mv(): random number generation for the composed error multivariate distribution.

References

• Aigner D, Lovell CK, Schmidt P (1977). “Formulation and estimation of stochastic frontier
production function models.” Journal of econometrics, 6(1), 21–37.

Examples

set.seed(1337)
x2<-10;x1<-5
mu2<-7;mu1<-2
sigma_v2<-6;sigma_v1<-3
par_u2<-3;par_u1<-2
s2<-s1<--1
delta<-matrix(0.5,ncol=1, nrow=100)
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family_mv=c("normhnorm","normhnorm","normal")

pdf<-dcomperr_mv(x1, mu1, sigma_v1, par_u1, s1,
x2, mu2, sigma_v2, par_u2, s2,
delta[1, , drop=FALSE], family_mv, deriv = 2, tri=NULL, log.p=FALSE)

cdf<-pcomperr_mv(q1=x1, mu1, sigma_v1, par_u1, s1,
q2=x2, mu2, sigma_v2, par_u2, s2,
delta[1, , drop=FALSE], family_mv, log.p=FALSE)

r<-rcomperr_mv(n=100, mu1, sigma_v1, par_u1, s1,
mu2, sigma_v2, par_u2, s2,
delta, family_mv)

dcop Copula function

Description

Probablitiy density function, distribution and random number generation for copulas.

Usage

dcop(W, delta, family_cop = "normal", log.p = FALSE, deriv = 0)

pcop(W, delta = 0, family_cop = "normal", log.p = FALSE)

rcop(n, delta = 0, family_cop = "normal")

Arguments

W matrix of pseudo observations. Must have at least two columns.

delta matrix of copula parameter. Must have at least one column.

family_cop string, defines the copula family:
independent = Independence copula
normal = Gaussian copula
clayton = Clayton copula
gumbel = Gumbel copula
frank = Frank copula
joe = Joe copula

log.p logical; if TRUE, probabilities p are given as log(p).

deriv derivative of order deriv of the log density. Available are 0,2.

n number of observations.
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Details

For more than 2 dimensions only the gaussian copula is implemented. The functions pcop and rcop
are wrapper functions for ’copula’ package. The functions pcop and rcop are wrapper functions for
the pCopula() and rCopula(). Although the parameter space is larger in theory for some copulas,
numeric under- and overflow limit the parameter space. The intervalls for the parameter delta are
given as follows:

1. independent, min=0 and max=1

2. normal, min=-1 and max=1

3. clayton, min=1e-16 and max=28

4. gumbel, min=1 and max=17

5. frank, min=-35 and max=35

6. joe, min=1e-16 and max=30

Value

dcop gives the density, pcop gives the distribution function for a specified copula and rcop gener-
ates random numbers, with given delta. If the derivatives are calculated these are provided as the
attributes gradient, hessian of the output of the density.

Functions

• pcop(): distribution function for copula.

• rcop(): random number generation for copula.

References

• Schepsmeier U, Stöber J (2014). “Derivatives and Fisher information of bivariate copulas.”
Statistical Papers, 55(2), 525–542.

• Hofert M, Kojadinovic I, Mächler M, Yan J (2018). Elements of copula modeling with R.
Springer.

Examples

u=0.3; v=0.7; p=0.5
pdf <- dcop(W=matrix(c(u,v), ncol=2), delta=matrix(p,ncol=1), family_cop="normal")
cdf <- pcop(W=matrix(c(u,v), ncol=2), delta=matrix(p,ncol=1), family_cop="normal")
r <- rcop(n=100, delta=matrix(p,nrow=100), family_cop="normal")
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dnormexp Normal-exponential distribution

Description

Probablitiy density function, distribution, quantile function and random number generation for the
normal-exponential distribution.

Usage

dnormexp(
x,
mu = 0,
sigma_v = 1,
lambda = 1,
s = -1,
deriv = 0,
tri = NULL,
log.p = FALSE,
check = TRUE

)

pnormexp(
q,
mu = 0,
sigma_v = 1,
lambda = 1,
s = -1,
deriv = 0,
tri = NULL,
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)

qnormexp(
p,
mu = 0,
sigma_v = 1,
lambda = 1,
s = -1,
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)

rnormexp(n, mu = 0, sigma_v = 1, lambda = 1, s = -1, check = TRUE)
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Arguments

x vector of quantiles.

mu vector of µ

sigma_v vector of σV . Must be positive.

lambda vector of λ. Must be positive.

s s = −1 for production and s = 1 for cost function.

deriv derivative of order deriv of the log density. Available are 0,2 and 4.

tri optional, index arrays for upper triangular matrices, generated by trind.generator()
and supplied to chainrule().

log.p logical; if TRUE, probabilities p are given as log(p).

check logical; if TRUE, check inputs.

q vector of probabilities.

lower.tail logical; if TRUE (default), probabilities are P [X ≤ x] otherwise, P [X > x].

p vector of quantiles.

n number of observations.

Details

A random variable E follows a normal-exponential distribution if E = V + s · U , where V ∼
N(µ, σ2

V ) and U ∼ Exp(λ). The density is given by

fE(ε) =
λ

2
exp{λ(sµ) +

1

2
λ2σ2

V − λ(sε)}2Φ(
1

σV
(−sµ)− λσV +

1

σV
(sε)) ,

where s = −1 for production and s = 1 for cost function.

Value

dnormexp gives the density, pnormexp give the distribution function, qnormexp gives the quantile
function, and rnormexp generates random numbers, with given parameters. If the derivatives are
calculated these are provided as the attributes gradient, hessian, l3 and l4 of the output of the
density.

Functions

• pnormexp(): distribution function for the normal-exponential distribution.

• qnormexp(): quantile function for the normal-exponential distribution.

• rnormexp(): random number generation for the normal-exponential distribution.

References

• Meeusen W, van Den Broeck J (1977). “Efficiency estimation from Cobb-Douglas production
functions with composed error.” International economic review, 435–444.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.
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• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.

• Gradshteyn IS, Ryzhik IM (2014). Table of integrals, series, and products. Academic press.

Examples

pdf <- dnormexp(x=seq(-3, 3, by=0.1), mu=1, sigma_v=2, lambda=1/3, s=1)
cdf <- pnormexp(q=seq(-3, 3, by=0.1), mu=1, sigma_v=2, lambda=1/3, s=1)
q <- qnormexp(p=seq(0.1, 0.9, by=0.1), mu=1, sigma_v=2, lambda=1/3, s=1)
r <- rnormexp(n=100, mu=1, sigma_v=2, lambda=1/3, s=1)

dnormhnorm Normal-halfnormal distribution

Description

Probablitiy density function, distribution, quantile function and random number generation for the
normal-halfnormal distribution.

Usage

dnormhnorm(
x,
mu = 0,
sigma_v = 1,
sigma_u = 1,
s = -1,
deriv = 0,
tri = NULL,
log.p = FALSE,
check = TRUE

)

pnormhnorm(
q,
mu = 0,
sigma_v = 1,
sigma_u = 1,
s = -1,
deriv = 0,
tri = NULL,
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)
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qnormhnorm(
p,
mu = 0,
sigma_v = 1,
sigma_u = 1,
s = -1,
lower.tail = TRUE,
log.p = FALSE,
check = TRUE

)

rnormhnorm(n, mu = 0, sigma_v = 1, sigma_u = 1, s = -1, check = TRUE)

Arguments

x vector of quantiles.

mu vector of µ

sigma_v vector of σV . Must be positive.

sigma_u vector of σU . Must be positive.

s s = −1 for production and s = 1 for cost function.

deriv derivative of order deriv of the log density. Available are 0,2 and 4.

tri optional, index arrays for upper triangular matrices, generated by trind.generator()
and supplied to chainrule().

log.p logical; if TRUE, probabilities p are given as log(p).

check logical; if TRUE, check inputs.

q vector of quantiles.

lower.tail logical; if TRUE (default), probabilities are P [X ≤ x] otherwise, P [X > x].

p vector of probabilities.

n number of observations.

Details

A random variable E follows a normal-halfnormal distribution if E = V + s · U , where V ∼
N(µ, σ2

V ) and U ∼ HN(σ2
U ). The density is given by

fE(ε) =
1√

σ2
V + σ2

U

φ(
ε− µ√
σ2
V + σ2

U

)Φ(s
σU
σV

x− µ√
σ2
V + σ2

U

) ,

where s = −1 for production and s = 1 for cost function.

Value

dnormhnorm gives the density, pnormhnorm give the distribution function, qnormhnorm gives the
quantile function, and rnormhnorm generates random numbers, with given parameters. If the deriva-
tives are calculated these are provided as the attributes gradient, hessian, l3 and l4 of the output
of the density.
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Functions

• pnormhnorm(): distribution function for the normal-halfnormal distribution.

• qnormhnorm(): quantile function for the normal-halfnormal distribution.

• rnormhnorm(): random number generation for the normal-halfnormal distribution.

References

• Aigner D, Lovell CK, Schmidt P (1977). “Formulation and estimation of stochastic frontier
production function models.” Journal of econometrics, 6(1), 21–37.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.

• Gradshteyn IS, Ryzhik IM (2014). Table of integrals, series, and products. Academic press.

• Azzalini A (2013). The skew-normal and related families, volume 3. Cambridge University
Press.

Examples

pdf <- dnormhnorm(x=seq(-3, 3, by=0.1), mu=1, sigma_v=2, sigma_u=3, s=-1)
cdf <- pnormhnorm(q=seq(-3, 3, by=0.1), mu=1, sigma_v=2, sigma_u=3, s=-1)
q <- qnormhnorm(p=seq(0.1, 0.9, by=0.1), mu=1, sigma_v=2, sigma_u=3, s=-1)
r <- rnormhnorm(n=100, mu=1, sigma_v=2, sigma_u=3, s=-1)

dsfa dsfa: Distributional Stochastic Frontier Analysis

Description

The dsfa package implements the specification, estimation and prediction of distributional stochas-
tic frontier models via mgcv. The basic distributional stochastic frontier model is given by:

Yn = ηµ(xµn) + Vn + s · Un

where n ∈ {1, 2, ..., N}. Vn and Un are the noise and (in)efficiency respectively.

• For s = −1, ηµ(·) is the production function and xµn are the log inputs. Alternatively, if
s = 1, ηµ(·) is the cost function and xµn are the log cost. The vector xµn may also contain
other variables.

• The noise is represented as Vn ∼ N(0, σ2
V n), where σV n = exp(ησV (xσVn )). Here, xσVn are

the observed covariates which influence the parameter of the noise.

• The inefficiency can be represented in two ways.
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– If Un ∼ HN(σ2
Un), where σUn = exp(ησUn(xσUn )). Here, xσUn are the observed covari-

ates which influence the parameter of the (in)efficiency. Consequently:

Yn ∼ normhnorm(µn = ηµ(xµn), σV n = exp(ησV (xσVn )), σUn = exp(ησU (xσUn )), s = s)

. For more details see dnormhnorm().
– If Un ∼ Exp(λn), where λn = exp(ηλn(xλn)). Here, xλn are the observed covariates

which influence the parameter of the (in)efficiency. Consequently:

Yn ∼ normexp(µn = ηµ(xµn), σV n = exp(ησV (xσVn )), λn = exp(ηλ(xλn)), s = s)

. For more details see dnormexp().

Let θn be a parameter of the distribution of Yn. Further, let g−1θ (·) be the monotonic response
function, which links the additive predictor η(xθn) to the parameter space for the parameter θn via
the additive model:

g−1θ (θn) = η(xθn) = βθ0 +

Jθ∑
jθ=1

hθjθ (x
θ
njθ )

Thus, the additive predictor η(xθn) is made up by the intercept βθ0 and Jθ smooths terms. The mgcv
packages provides a framework for fitting distributional regression models. The additive predictors
can be defined via formulae in gam(). Within the formulae for the parameter θn, the smooth function
for the variable xθnjθ can be specified via the function s(), which is hθjθ (·) in the notation above.
The smooth functions may be:

• linear effects

• non-linear effects which can be modeled via penalized regression splines, e.g. p.spline(),
tprs()

• random effects, random.effects(),

• spatial effects which can be modeled via mrf().

An overview is provided at smooth.terms(). The functions gam(), predict.gam() and plot.gam(),
are alike to the basic S functions. A number of other functions such as summary.gam(), residuals.gam
and anova.gam are also provided, for extracting information from a fitted gamOject.

The main functions are:

• normhnorm() Object which can be used to fit a normal-halfnormal stochastic frontier model
with the mgcv package.

• normexp() Object which can be used to fit a normal-exponential stochastic frontier model
with the mgcv package.

• comperr_mv() Object which can be used to fit a multivariate stochastic frontier model with
the mgcv package.

• elasticity() Calculates and plots the elasticity of a smooth function.

• efficiency() Calculates the expected technical (in)efficiency indexE[u|ε] orE[exp(−u)|ε].

Author(s)

• Rouven Schmidt <rouven.schmidt@tu-clausthal.de>



dsfa 19

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Wood SN, Fasiolo M (2017). “A generalized Fellner-Schall method for smoothing parame-
ter optimization with application to Tweedie location, scale and shape models.” Biometrics,
73(4), 1071–1081.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.

Examples

#Set seed, sample size and type of function
set.seed(1337)
N=500 #Sample size
s=-1 #Set to production function

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1)

#Set parameters of the distribution
mu=2+0.75*x1+0.4*x2+0.6*x2^2+6*log(x3+2)^(1/4) #production function parameter
sigma_v=exp(-1.5+0.75*x4) #noise parameter
sigma_u=exp(-1+sin(2*pi*x5)) #inefficiency parameter

#Simulate responses and create dataset
y<-rnormhnorm(n=N, mu=mu, sigma_v=sigma_v, sigma_u=sigma_u, s=s)
dat<-data.frame(y, x1, x2, x3, x4, x5)

#Write formulae for parameters
mu_formula<-y~x1+x2+I(x2^2)+s(x3, bs="ps")
sigma_v_formula<-~1+x4
sigma_u_formula<-~1+s(x5, bs="ps")

#Fit model
model<-mgcv::gam(formula=list(mu_formula, sigma_v_formula, sigma_u_formula),

data=dat, family=normhnorm(s=s), optimizer = c("efs"))

#Model summary
summary(model)

#Smooth effects
#Effect of x3 on the predictor of the production function
plot(model, select=1) #Estimated function
lines(x3[order(x3)], 6*log(x3[order(x3)]+2)^(1/4)-

mean(6*log(x3[order(x3)]+2)^(1/4)), col=2) #True effect
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#Effect of x5 on the predictor of the inefficiency
plot(model, select=2) #Estimated function
lines(x5[order(x5)], -1+sin(2*pi*x5)[order(x5)]-

mean(-1+sin(2*pi*x5)),col=2) #True effect

#Estimate efficiency
efficiency(model, type="jondrow")
efficiency(model, type="battese")

#Get elasticities
elasticity(model)

efficiency efficiency

Description

Calculates the expected technical (in)efficiency index.

Usage

efficiency(object, level = 0.05, type = "jondrow")

Arguments

object fitted mgcv object with family normhnorm() or normexp().
level for the (1− level) · 100% confidence interval. Must be in (0,1).
type default is "jondrow" for E[u|ε], alternatively "battese" for E[exp(−u)|ε].

Value

Returns a matrix of the expected (in)efficiency estimates as well the lower and upper bound of the
(1− level) · 100% confidence interval.

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Azzalini A (2013). The skew-normal and related families, volume 3. Cambridge University
Press.

• Jondrow J, Lovell CK, Materov IS, Schmidt P (1982). “On the estimation of technical ineffi-
ciency in the stochastic frontier production function model.” Journal of econometrics, 19(2-3),
233–238.

• Battese GE, Coelli TJ (1988). “Prediction of firm-level technical efficiencies with a general-
ized frontier production function and panel data.” Journal of econometrics, 38(3), 387–399.
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Examples

#Set seed, sample size and type of function
set.seed(1337)
N=500 #Sample size
s=-1 #Set to production function

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1)

#Set parameters of the distribution
mu=2+0.75*x1+0.4*x2+0.6*x2^2+6*log(x3+2)^(1/4) #production function parameter
sigma_v=exp(-1.5+0.75*x4) #noise parameter
sigma_u=exp(-1+sin(2*pi*x5)) #inefficiency parameter

#Simulate responses and create dataset
y<-rnormhnorm(n=N, mu=mu, sigma_v=sigma_v, sigma_u=sigma_u, s=s)
dat<-data.frame(y, x1, x2, x3, x4, x5)

#Write formulae for parameters
mu_formula<-y~x1+x2+I(x2^2)+s(x3, bs="ps")
sigma_v_formula<-~1+x4
sigma_u_formula<-~1+s(x5, bs="ps")

#Fit model
model<-mgcv::gam(formula=list(mu_formula, sigma_v_formula, sigma_v_formula),

data=dat, family=normhnorm(s=s), optimizer = c("efs"))

#Estimate efficiency
efficiency(model, type="jondrow")
efficiency(model, type="battese")

elasticity elasticity

Description

Calculates and plots the elasticity of a smooth function.

Usage

elasticity(object, select = NULL, plot = TRUE, se = TRUE)

Arguments

object fitted mgcv object with family normhnorm(), normexp() or comperr_mv().



22 elasticity

select specifying the smooth function for which the elasticity is calculated. If term=NULL
the elasticities for all smooths of µ are returned (excluding random and spatial
effects).

plot logical; if TRUE, plots the elasticities. If FALSE, returns the average elasticity.

se logical; if TRUE, adds standard errors to the plot of elasticities.

Details

Calculates the marginal product for parametric terms. For smooth terms the average of the derivative
is calculated.

Value

If plot is TRUE, plots the elasticities specified in select of the provided object. If plot is FALSE
returns a named vector of the elasticity of the provided inputs.

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Aigner D, Lovell CK, Schmidt P (1977). “Formulation and estimation of stochastic frontier
production function models.” Journal of econometrics, 6(1), 21–37.

• Meeusen W, van Den Broeck J (1977). “Efficiency estimation from Cobb-Douglas production
functions with composed error.” International economic review, 435–444.

Examples

#Set seed, sample size and type of function
set.seed(1337)
N=500 #Sample size
s=-1 #Set to production function

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1)

#Set parameters of the distribution
mu=2+0.75*x1+0.4*x2+0.6*x2^2+6*log(x3+2)^(1/4) #production function parameter
sigma_v=exp(-1.5+0.75*x4) #noise parameter
sigma_u=exp(-1+sin(2*pi*x5)) #inefficiency parameter

#Simulate responses and create dataset
y<-rnormhnorm(n=N, mu=mu, sigma_v=sigma_v, sigma_u=sigma_u, s=s)
dat<-data.frame(y, x1, x2, x3, x4, x5)

#Write formulae for parameters
mu_formula<-y~x1+x2+I(x2^2)+s(x3, bs="ps")
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sigma_v_formula<-~1+x4
sigma_u_formula<-~1+s(x5, bs="ps")

#Fit model
model<-mgcv::gam(formula=list(mu_formula, sigma_v_formula, sigma_u_formula),

data=dat, family=normhnorm(s=s), optimizer = c("efs"))

#Get elasticities
elasticity(model)

erf erf function

Description

Error function, complementary error function, inverse error function,inverse complementary error
function and first and second derivative of quantile function of the standard normal distribution.

Usage

erf(x)

erfc(x)

erfinv(x)

erfcinv(x)

pnorm(q, mean = 0, sd = 1, deriv = 0, log.p = FALSE, lower.tail = TRUE)

qnorm(p, mean = 0, sd = 1, deriv = 0, log.p = FALSE, lower.tail = TRUE)

Arguments

x vector of quantiles.

q vector of quantiles.

mean vector of means.

sd vector of standard deviations.

deriv derivative of order deriv. Available are 0 and 2.

log.p logical; if TRUE, probabilities p are given as log(p).

lower.tail logical; if TRUE (default), probabilities are P [X ≤ x] otherwise, P [X > x].

p vector of probabilites.
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Details

erf is the error function. erfc is the complementary error function. erfinv is the inverse error
function and and erfcinv is the inverse complementary error function. pnorm and qnorm are clones
from the stats package, but do have the argument for derivatives.

Value

Returns a vector of the corresponding function evaluated at x.

Functions

• erfc(): complementary error function

• erfinv(): inverse error function

• erfcinv(): inverse complementary error function

• pnorm(): Distribution function of the standard normal distribution with derivatives.

• qnorm(): Quantile function of the standard normal distribution with derivatives.

Examples

erf(0.5)
erfc(0.5)
erfinv(0.5)
erfcinv(0.5)

qnorm(0.5, deriv=2)
pnorm(0.5, deriv=2)

normexp normexp family

Description

The normexp family implements the normal-exponential distribution in which the µ, σV and λ can
depend on additive predictors. Useable only with gam(), the additive predictors are specified via a
list of formulae.

Usage

normexp(link = list("identity", "log", "log"), s = -1)

Arguments

link three item list specifying the link for the µ, σV and λ parameters. See details.

s s = −1 for production and s = 1 for cost function.
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Details

Used with gam to fit distributional stochastic frontier model. The function gam() is from the mgcv
package is called with a list containing three formulae:

1. The first formula specifies the response on the left hand side and the structure of the additive
predictor for µ parameter on the right hand side. Link function is "identity".

2. The second formula is one sided, specifying the additive predictor for the σV on the right hand
side. Link function is "log".

3. The third formula is one sided, specifying the additive predictor for the λ on the right hand
side. Link function is "log".

The fitted values and linear predictors for this family will be three column matrices. The first column
is the µ, the second column is the σV , the third column is λ. For more details of the distribution see
dnormexp().

Value

An object inheriting from class general.family of the mgcv package, which can be used in the
dsfa package.

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Wood SN, Fasiolo M (2017). “A generalized Fellner-Schall method for smoothing parame-
ter optimization with application to Tweedie location, scale and shape models.” Biometrics,
73(4), 1071–1081.

• Meeusen W, van Den Broeck J (1977). “Efficiency estimation from Cobb-Douglas production
functions with composed error.” International economic review, 435–444.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.

Examples

#Set seed, sample size and type of function
set.seed(1337)
N=500 #Sample size
s=-1 #Set to production function

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1)

#Set parameters of the distribution
mu=2+0.75*x1+0.4*x2+0.6*x2^2+6*log(x3+2)^(1/4) #production function parameter
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sigma_v=exp(-1.5+0.75*x4) #noise parameter
lambda=exp(-1+sin(2*pi*x5)) #inefficiency parameter

#Simulate responses and create dataset
y<-rnormexp(n=N, mu=mu, sigma_v=sigma_v, lambda=lambda, s=s)
dat<-data.frame(y, x1, x2, x3, x4, x5)

#Write formulae for parameters
mu_formula<-y~x1+x2+I(x2^2)+s(x3, bs="ps")
sigma_v_formula<-~1+x4
lambda_formula<-~1+s(x5, bs="ps")

#Fit model
model<-mgcv::gam(formula=list(mu_formula, sigma_v_formula, lambda_formula),

data=dat, family=normexp(s=s), optimizer = c("efs"))

#Model summary
summary(model)

#Smooth effects
#Effect of x3 on the predictor of the production function
plot(model,select=1) #Estimated function
lines(x3[order(x3)], 6*log(x3[order(x3)]+2)^(1/4)-

mean(6*log(x3[order(x3)]+2)^(1/4)),col=2) #True effect

#Effect of x5 on the predictor of the inefficiency
plot(model,select=2) #Estimated function
lines(x5[order(x5)], -1+sin(2*pi*x5)[order(x5)]-

mean(-1+sin(2*pi*x5)),col=2) #True effect

normhnorm normhnorm family

Description

The normhnorm family implements the normal-halfnormal distribution in which the µ, σV and
σU can depend on additive predictors. Useable only with mgcv::gam, the additive predictors are
specified via a list of formulae.

Usage

normhnorm(link = list("identity", "log", "log"), s = -1)

Arguments

link three item list specifying the link for the µ, σV and σU parameters. See details.

s s = −1 for production and s = 1 for cost function.
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Details

Used with gam to fit distributional stochastic frontier model. The function gam() is from the mgcv
package is called with a list containing three formulae:

1. The first formula specifies the response on the left hand side and the structure of the additive
predictor for µ parameter on the right hand side. Link function is "identity".

2. The second formula is one sided, specifying the additive predictor for the σV on the right hand
side. Link function is "log".

3. The third formula is one sided, specifying the additive predictor for the σU on the right hand
side. Link function is "log".

The fitted values and linear predictors for this family will be three column matrices. The first column
is the µ, the second column is the σV , the third column is σU . For more details of the distribution
see dnormhnorm().

Value

An object inheriting from class general.family of the mgcv package, which can be used in the
dsfa package.

References

• Schmidt R, Kneib T (2022). “Multivariate Distributional Stochastic Frontier Models.” arXiv
preprint arXiv:2208.10294.

• Wood SN, Fasiolo M (2017). “A generalized Fellner-Schall method for smoothing parame-
ter optimization with application to Tweedie location, scale and shape models.” Biometrics,
73(4), 1071–1081.

• Aigner D, Lovell CK, Schmidt P (1977). “Formulation and estimation of stochastic frontier
production function models.” Journal of econometrics, 6(1), 21–37.

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Azzalini A (2013). The skew-normal and related families, volume 3. Cambridge University
Press.

• Schmidt R, Kneib T (2020). “Analytic expressions for the Cumulative Distribution Function
of the Composed Error Term in Stochastic Frontier Analysis with Truncated Normal and Ex-
ponential Inefficiencies.” arXiv preprint arXiv:2006.03459.

Examples

#Set seed, sample size and type of function
set.seed(1337)
N=500 #Sample size
s=-1 #Set to production function

#Generate covariates
x1<-runif(N,-1,1); x2<-runif(N,-1,1); x3<-runif(N,-1,1)
x4<-runif(N,-1,1); x5<-runif(N,-1,1)
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#Set parameters of the distribution
mu=2+0.75*x1+0.4*x2+0.6*x2^2+6*log(x3+2)^(1/4) #production function parameter
sigma_v=exp(-1.5+0.75*x4) #noise parameter
sigma_u=exp(-1+sin(2*pi*x5)) #inefficiency parameter

#Simulate responses and create dataset
y<-rnormhnorm(n=N, mu=mu, sigma_v=sigma_v, sigma_u=sigma_u, s=s)
dat<-data.frame(y, x1, x2, x3, x4, x5)

#Write formulae for parameters
mu_formula<-y~x1+x2+I(x2^2)+s(x3, bs="ps")
sigma_v_formula<-~1+x4
sigma_u_formula<-~1+s(x5, bs="ps")

#Fit model
model<-mgcv::gam(formula=list(mu_formula, sigma_v_formula, sigma_u_formula),

data=dat, family=normhnorm(s=s), optimizer = c("efs"))

#Model summary
summary(model)

#Smooth effects
#Effect of x3 on the predictor of the production function
plot(model, select=1) #Estimated function
lines(x3[order(x3)], 6*log(x3[order(x3)]+2)^(1/4)-

mean(6*log(x3[order(x3)]+2)^(1/4)), col=2) #True effect

#Effect of x5 on the predictor of the inefficiency
plot(model, select=2) #Estimated function
lines(x5[order(x5)], -1+sin(2*pi*x5)[order(x5)]-

mean(-1+sin(2*pi*x5)),col=2) #True effect

OwenT OwenT

Description

Evaluates the Owen T-function

Usage

OwenT(x, a, jmax = 50, cut.point = 8, deriv = 0)

OwenT_vec(x, a, jmax = 50, cut.point = 8)

Arguments

x numeric vector of quantiles. Missing values (NAs) and Inf are allowed.

a numeric vector. Inf is allowed.
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jmax an integer scalar value which regulates the accuracy of the result.

cut.point a scalar value which regulates the behaviour of the algorithm.

deriv derivative of order deriv of the T.Owen function. Available are 0 and 2.

Details

The OwenT function is defined as

T (x, a) =
1

2π

∫ a

0

exp{−x2(1 + t2)/2}
1 + t2

dt

. If a>1 and 0<x<=cut.point, a series expansion is used, truncated after jmax terms. If a>1 and
x>cut.point, an asymptotic approximation is used. In the other cases, various reflection properties
of the function are exploited. For deriv=0, the function is a clone of T.Owen.

Value

OwenT evaluates the OwenT function with given parameters x and a. If the derivatives are calculated
these are provided as the attributes gradient, hessian.

Functions

• OwenT_vec(): Vectorized OwenT function without derivatives.

References

• Owen DB (1956). “Tables for Computing Bivariate Normal Probabilities.” Annals of Mathe-
matical Statistics, 27, 1075-1090.

Examples

OwenT(x=1, a=1, jmax = 50, cut.point = 8, deriv=2)

reparametrize reparametrize

Description

Transforms the given inputs to the parameters and the first three moments of the corresponding
distribution. For the normal-halfnormal distribution the parametrization of the classical stochastic
frontier as well as the skew-normal and centred skew-normal specification ar provided. For the
normal-exponential an the specification via λ is available.
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Usage

reparametrize(
mu = NULL,
sigma_v = NULL,
sigma_u = NULL,
s = NULL,
lambda = NULL,
par_u = NULL,
mean = NULL,
sd = NULL,
skew = NULL,
family = NULL

)

Arguments

mu vector of µ

sigma_v vector of σV . Must be positive.

sigma_u vector of σU . Must be positive.

s s = −1 for production and s = 1 for cost function.

lambda vector of λ. Must be positive.

par_u vector of σU or λ. Must be positive.

mean vector of mean of E
sd vector of standard deviation of E . Must be positive.

skew vector of skewness of E .

family normhnorm for normal-halfnormal and normexp for normal-exponential distri-
bution.

Details

The following input combinations are allowed for the normal-halfnormal distribution

• mu, sigma_v, sigma_u, s

• mean, sd, skew, family="normhnorm" with optional s ,

while for the normal-exponential distribution the feasible inputs are

• mu, sigma_v, lambda, s

• mean, sd, skew, family="normexp" with optional s .

Other input combinations are not feasible.

Value

Returns a data.frame with the parameter values for all specification.
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References

• Kumbhakar SC, Wang H, Horncastle AP (2015). A practitioner’s guide to stochastic frontier
analysis using Stata. Cambridge University Press.

• Azzalini A (2013). The skew-normal and related families, volume 3. Cambridge University
Press.

Examples

#Normal-halfnormal distribution
para<-reparametrize(mu=1, sigma_v=2, sigma_u=3,s=-1)
reparametrize(mean=para$mean, sd=para$sd, skew=para$skew, family="normhnorm")

#Normal-exponential distribution
para<-reparametrize(mu=1, sigma_v=2, lambda=1/3,s=-1)
reparametrize(mean=para$mean, sd=para$sd, skew=para$skew, family="normexp")

rsp rsp function

Description

Response function and inverse response function (link function).

Usage

rsp(x, link = "identity", a = 0, b = 1, inv = FALSE, deriv = 0)

Arguments

x vector of quantiles.

link specifying the type of link function.
identitity = Identity link function
log = Log link function
glogit = Generalized logit link function with parameters a and b

a numeric min value for glogit link function.

b numeric max value for glogit link function.

inv logical; if TRUE, evaluate link function and its derivatives.

deriv derivative of order deriv. Available are 0, 2 and 4.
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Details

The link functions are defined as follows:
identitity: g(x) = x and thus the response function is g−1(x) = x.
log: g(x) = log(x) and thus the response function is g−1(x) = exp(x).
glogit: g(x) = log(x−ab−a /(1−

x−a
b−a )) and thus the response function is g−1(x) = exp(x)

1+exp(x) · (b−
a) + a.

Value

Mostly internal function. Returns a vector of the corresponding function evaluated at x with its
derivatives.

Examples

rsp(x=5, link="glogit", a=0, b=1, inv=FALSE, deriv=4)
rsp(x=0.5, link="glogit", a=0, b=1, inv=TRUE, deriv=4)

zeta Zeta

Description

Evaluates the zeta function, i.e. log(2*pnorm(x)).

Usage

zeta(x, deriv = 0)

Arguments

x numeric vector of quantiles. Missing values (NAs) and Inf are allowed.

deriv derivative of order deriv of the zeta function. Available are 0, 2 and 4.

Details

The zeta function is defined as log{2Φ(x)}. The function is a clone of zeta().

Value

Evaluates the zeta function. If the derivatives are calculated these are provided as the attributes
gradient, hessian, l3 and l4.
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Examples

zeta(1,1)
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